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We discuss the finite representability of a Banach space E in another Banach 
space F, assuming that F satisfies certain smoothness conditions. We apply 
these results to develop a classification of superreflexive spaces into isomorphic 
classes, called k-superreflexive spaces (k = 1,2,..., m); and we derive a strong 
converse to Dvoretsky’s near-spheric&y theorem. Further, our main theorem 
complements an important recent result of Krivine. 
The concept of finite representation of one Banach space in another could be 
traced to the near-sphericity theorem of Dvoretsky [2]. However, it is only in 
the recent past that this concept has been found to be useful in functional 
analysis and probability theory [6, 7, 9, 111. In this paper we are mainly con- 
cerned with the finite representability of a Banach space E in another space F, 
where we assume that F satisfies certain smoothness conditions (which are 
defined below). Applying these results we develop a method to classify super- 
reflexive spaces into isomorphic classes called K-superreflexive spaces (K = 
1, 2,..., co). We also obtain a strong converse to Dvoretsky’s theorem. Further, 
our main theorem complements and sharpens an important theorem in [7] and 
we believe that our results will be useful in global analysis [IO]. 
1 
In this section we establish basic terminology and recall certain known results 
relevant to our discussion. All Banach spaces will be real and infinite-dimen- 
sional. We denote the norms of the various spaces by the same symbol 11 * * 11, 
unless otherwise specified, as there will be no occasion for confusion. Let E, F 
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be Banach spaces. We write B”(E,F) to denote the Banach space of continuous 
k-linear operators Tk: E x ... x E (k times) --f F with the norm I/ Tk I/ = 
SUP{ll T”@l I x2 ,a.*, xk)jl: xiE E, 11 xi j/ = 1, 1 < i < k). In the case F = 58, the 
reals, we simply write B”(E) and call the Tk continuous k-linear forms. A real- 
valued mapping + on E is called a homogeneous polynomial of degree k if there 
is a Tk E Bk(E) such that $(x) = Tk(x,..., x). For convenience we write d(x) = 
Tk(xk). 
Let (E, II . II) and (F, Ill ... III) b e t wo Banach spaces, let U be an open 
subset of E, and let f: U -+ F. We say that f is k-times FrCchet differentiable 
(or Fk-differentiable) at a point x E U if there exist symmetric continuous i-linear 
operators Tad E Bi(E, F), 1 < i < k, such that 
lim 1 Iif@ + h) -f(x) - gl T,iW) 11 i/II h Ilk = 0. 
llhll+O 
It is easy to verify thatf is Fk-differentiable at x implies thatf is Fi-differentiable 
at x, 1 < i < k. The operator Tmi is called the ith derivative off at x and the 
expression ‘& T,i(hi) is called the best polynomial approximant off of degree K. 
Let P be a subset of the open set U. Say that f is Fk-differentiable on P if it is 
Fk-differentiable at ach vector x E P. We say thatf is boundedly (resp. uniformly) 
Fk-differentiable in P if sup{j/ Tzk 11: x E P} is finite (resp. if the limit in (A) is 
attained uniformly in P). 
Let E be a Banach space and write SE = (x E E: jl x /j = l}. We define E to 
be (boundedly) [uniformly] Fk-smooth if the norm functional is (boundary) 
[uniformly] Fk-differentiable in SE . It follows from the absolute homogeneity 
of the norm functional that E is Fk-smooth if and only if the norm is Fk-differen- 
tiable at all x E E, x # 0. Similarly E is boundedly (resp. uniformly) Fk-smooth 
if and only if the norm is boundedly (resp. uniformly) Fk-differentiable in some 
region R(X, CL) = (x E E: X < jl x/I < p}, 0 < h < CL. Note that if the norm is 
Fk-differentiable atx and h # 0, a real number, then it is Fk-differentiable at
hx and Tfz = (Sgn h)kT,k/I h Ik-l. Further, E is uniformly Fk-smooth if and 
only if the mapping x + T,” is uniformly continuous on some region R(A, p) 
into B”(E). It is a consequence of the mean value theorem [3] that if E is boun- 
dedly Fk-smooth then it is boundedly Fi-smooth, 1 < i < k. Further, it is 
verified from the definition that if E is uniformly Fk-smooth then it is uniformly 
Fk-r-smooth, K 3 2. Since the first derivative of the norm at x # 0, if it exists, 
is of unit norm, it follows that an Fr-smooth Banach space is indeed boundedly 
P-smooth. However, there exist Banach spaces, even reflexive ones, which are 
Fr-smooth but not uniformly F1-smooth. For instance, any reflexive Banach 
space which is not superreflexive, when suitably renormed, provides such an 
example [2]. Kuiper [15] has shown that the classical Banach space cs admits an 
isomorph B such that the norm in B is Fk-differentiable for all k >, 1. Now we 
note that bounded F2-smoothness implies uniform Fr-smoothness [8]; and a 
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Banach space is superreflexive if and only if it is isomorphic with a uniformly 
P-space [2]. Since c, is not even reflexive, itfollows that B cannot be boundedly 
P-smooth. Thus there exist Banach spaces P-smooth for all K > 1, which are 
not boundedly Fs-smooth. 
A normed linear space E is said to be finitely represented in another space F, 
in symbols E <F, if for each E > 0, and each finite-dimensional subspace E0 
of E, there exists a subspace F,, of F, depending on E, and E, such that there is 
an isomorphism T on E, onto F0 satisfying 11 T 11 . jl T-l /I 6 1 + E. A Banach 
space F is superreflexive if every Banach space E, finitely represented in F, is 
reflexive. The near-sphericity heorem of Dvoretsky in part asserts that Z2 < E, 
if E is an infinite-dimensional Banach space. For an account of finite representa- 
tion theory, see [2]. 
A useful tool in the theory of finite representation is the concept of an ultra- 
power of a normed linear space. Let S be an infinite set, and 4 be a free ultra- 
filter on S. If f is a bounded real-valued function on S, then lim*f(s) is by 
definition the Sup{h I {t E S I f(t) > X} E a}. If (II, II 11) is a normed linear space, 
and f is a bounded E-valued function on S, let If 1 = lim* jlf(s)lj. It is verified 
that I . * I is a seminorm on the vector space V of bounded E-valued functions 
on S. The quotient space of V modulo the kernel of 1 . . 1, equipped with the 
quotient norm, is called the ultrapower of E with respect to the pair (S, @), and 
we denote this normed linear space by E(S, a). It is known that if E is a Banach 
space then E(S, %) is a Banach space [13]. 
For an account of differential calculus in Banach spaces, see [3, 151. We refer 
to [2] for properties of Banach spaces, in particular for the theory of finite 
representation (minicry) and superreflexive spaces. For our account of ultra- 
powers and their applications refer to [I, 7, 131. The following lemma, proved 
in [13], shows the significance of the role of ultrapowers in finite representation 
theory. 
LEMMA 1. E<FifandonlyifE is isometric with a subspace of an ultra- 
power of F. 
2 
In this section we present the main results of our investigation. 
THEOREM 1. If a Bamzch space E is uniformly F1-smooth, then every ultrapower 
E(S, @) of E is Fkmooth. Further, if there exists a positive real-valued function 6 
on S such that lim, 6(s) = 0 and ;f E(S, @) is Fkmooth, then E is uniformly 
Fl-smooth. 
Proof. Before proceeding to the proof we note the following. Let E be 
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P-smooth. For simplicity we shall write G, to denote the first derivative of the 
norm at X. Let 0 # 5 E E(S, %). Let { x s E x”. (By this we mean that the ( )} 
function s + x(s) is an element of the equivalence class 5.) Let g c E(S, %) and 
let {z(s)} E 2. Define f(s) = 0 if x(s) = 0 and f(s) = G,(,,(z(s)) otherwise. We 
claim that lim*f(s) exists and is independent of the representatives {x(s)} and 
{z(s)} chosen from 3i; and 5. First of all we may assume 112 jj = 1 and j] I jj < K, 
for some K < 0. Then 1 f(s)1 < K, since /I G,(,, 11 = 1 if X(S) # 0. Hence the 
limit in question exists. Now suppose (zr(s)) E 5 and E > 0. Then there exists 
JE E % such that for all s E JE , (1 z(s) - .z,(s)il < E and 4 < 11 x(s)11 < 8 . Hence 
I Gzd4s) - .&))I < c for sE JE . This means that the limit is independent of 
{z(s)} E f. Next let {x1(s)} E f. Then there exists J E & such that 4 < /j x(s)II, 
/( x,(s)// < $ , for s E J. Since the (/ Ij is uniformly F(-smooth by hypothesis, and 
the map x + G, defined on E/(O) into E* is continuous, it follows that for a 
suitable 6 > 0, there is a Js such that (1 x(s) - x,(s)ll < 6, and [/ G3c.s) - G,+) (( 
< E for all S E Ja n J. Hence 1 Gzls)(z(s)) - G,+)(z(s))I < KE on J8 n J which 
is a set in %!. Thus the limaf( s is independent of {x(s)} E f, and (z(s)} E t. Let ) 
us denote this limit as Z,(1). Then it is verified that Zz is a linear functional on 
E(S, %!), and // Zr I( = 1. Hence Z3 E (E(S, %))*. Now to complete the proof of 
the first part of the theorem, note that for a given E > 0, there is a 8 > 0 
independent of x, + < // x Ij < $-, such that 
/I x + h II = II x II + G,(h) + Uh), w 
where 1 e,(h)] < E /[ h 11 if I/ h I/ ,< 8. Let 5, 9 be in E(S, a), each of unit norm, 
and MsH, {Y(S)) be re P resentatives of 5, 3, respectively, and there is no loss of 
generality in assuming that 4 < // x(s)ll, j/y(s)11 < +j . Hence if Z3 defined above is 
chosen for Gz , then I/ 3 + tjj I/ = 11 3i; )I + tG,Jy) + lime 19~(&ty(s)). It follows 
from (B) that there is 8, > 0 such that j Oz(s)(ty(s))i < E 1 t 1 if I t / < 6,) 8, 
independent of s in S. Hence ) lima ZI,(,,(ty(s))l < E 1 t ) if 1 t ) < 6, , verifying 
that the norm in E(S, @) is P-smooth at 5. 
To prove the second part of the theorem, let (S, %!) admit a function 6 as in 
the theorem, and let E(S, %!) be El-smooth. If E is not uniformly P-smooth, 
there exist a positive number E and two E-valued functions {x(s)}~.~ , { Y(s)}~,~ ,
such that II x(s)11 = 1 = II y(s)ll, II 4s) - ~(91 < a(s), but 
II G(s) - GM II 2 E for all s E S. (Cl 
Since lime S(s) = 0, it follows that if {X(S)}, {y(s)} determine the elements 
5, jj in E(S, %), then 3i: = jj, and G5 = G3. Now (C) guarantees the existence 
of z(s) E E, for s E S, such that (1 x(s)11 = 1, I G3c(s)(s(s)) - G,(,)(x(s))l > e/2. 
However, since Gz = G9 , if I c E(S, 4V) with (z(s)} E 5, then from what we 
noted in the proof of the first part, lime G&z(s)) = G,(z) = G?(5) = 
lime G,(8,(x(s)). Thus there is a JE % such that for s E J, I G,(,)(z(s)) - 
G,&(4)l < 49 contradicting (C) and completing the proof of the theorem. 
FINITE BANACH SPACES-SMOOTHNESS 439 
THEOREM 2. If F is a Banach space, then F is un;formly F%mooth if and only 
if every Banach space E, jinitely represented in F, is F1-smooth. 
Proof. Suppose E <F implies that E is F1-smooth. Thus if N is the set of 
positive integers and % is a free ultrafilter on N, then F(N, a) is F1-smooth, 
since F(N, @) Q F, by Lemma 1. Thus from Theorem 1, F is uniformly F1- 
smooth, since (N, a!) admits a function of type 6 as in the Theorem 1. Next 
suppose F is uniformly F1-smooth, and E < F. By Lemma 1,’ there is an ultra- 
power F(S, %) of F such that E is isometric with a subspace of F(S, @). Since 
by Theorem I, F(S, a) is Fi-smooth, E is F1-smooth. 
Remark 1 below is crucial to the proposed classification f superreflexive 
spaces in Section 3. 
Remark 1. Since the relation < is transitive it follows from the preceding 
theorem that a Banach space F is uniformly F1-smooth iff E <F implies that E 
is a uniformly F1-smooth space. 
Remark 2. Using the same techniques we can show that E uniformly convex 
implies E(S, @) uniformly convex (and hence strictly convex). Conversely if 
there exists a positive function 6 with lime 6(s) = 0 then the strict convexity of 
E(S, %!) implies uniform convexity of E. Thus a Banach space F is uniformly 
convex if and only if E <F implies that E is strictly convex. 
Remark 3. In Theorem 1 and in the above remark we have assumed that 
there exists a positive function 6 with lime S(s) = 0. If S = AT, the natural 
numbers, such a function exists (for example, S(n) = l/n) without further 
reference to the free ultrafilter %. 
We now discuss the generalizations of Theorems 1 and 2 by replacing Fl- 
smoothness with FQmoothness, k > 2. While these cases are more complicated 
than the F1-case, the proofs for k > 3 are very similar to the case k = 2. For 
this reason we give a complete discussion for F2-smoothness and merely state 
the results for F”-smoothness where k 2 3. In what follows G, and T, will 
denote the first and second derivatives of the norm at x. Before proceeding to 
the theorems we establish two useful lemmas. 
LEMMA 2. If E is uniformly Fk-smooth, k 3 2, then it is boundedly Fk-smooth. 
Proof. Suppose E is uniformly but not boundedly Fa-smooth. Then there 
exist sequences {x%} and (h,} in E such that I/ x, I[ = /I h, 11 = 1 and Tzn(hn, h,) 
> n2 for all n 3 1. Since E is uniformly F2-smooth, [I X, + h&z 11 = 11 x, jl +
GJh,/4 + T&L/n, 04 + 4JWn), w h ere, for given E > 0, there exists 
N(E) such that for n > N(E), I ezn(h,/n)l < E II h&z 112. Since I Ij x, + h,/n // -
II x, II I < l/n and I Gzn(h,/n)I < l/n, it follows that I Tz&h,Jn, h,/n)l < 
2/n + c/n2 for n > N(E), which is a contradiction. The case k > 2 can be proved 
similarly. 
440 CHIVUKULA AND SUNDARESAN 
LEMMA 3. If a Banach space E is boundedly F%mooth and if the norm of an 
ultrapower E(S, 42) is Fz-d$ferentiable at 2, then the second derivative Ts of the 
norm of E(S, 42) at f satisfies the equation 
Tr(f, 5) = I$ T,&z, z), 
where f is that element of E(S, “2) f or which a representative isthe constant function 
MS)>, 44 = f 11 z or a sE S. (z is a$xed element of E.) 
Proof. Since the twice differentiability of the norm at x implies its twice 
differentiability at Ax, h # 0, and since T,, = TX/l h I, we may assume 11% Ij = 1. 
If {x(s)} E 2, then there exists J1 E: & such that & < 11 x(s)11 < 3 for all s E J1 . 
Since for every real t, 11 P + tii I\ = 1 ime 1) x(s) + tz I/, it follows from Proposi- 
tion 1 .l in [7] that given E > 0, there exists JE E %2 such that for all s E Jf , 
O<Itl dl, 
I II 3i: + tf II - II x(s) + tz II < 43. 
Hence, considering the polynomial approximants of I[ I + tI /I and (I X(S) + tz 11 
guaranteed by the F2-differentiability of the norms in E(S, 49) and E, respec- 
tively, we have 
I II x” + tl II + G(f) + t”T& 5) + ‘&(tz) - II x(s)11 - G(,)(z) 
- t2T,c&, 4 - &+)I < 43 
for s E J1 n JE , 0 < / t 1 < 1. Since G,(,)(z) and T,&z, z) are bounded for 
sEJi,thereexists6>OsuchthatifO<It/<& 
j tG&?) + t2T& a) - tG,(,,(z) - t2T,&, x)1 < 43. 
From the preceding inequalities it follows that if s E J1 n Js and 0 < 1 t 1 < 6’ 
then I e,(G) - Bz(s)(tz)l < E. Since J1 n JE E %, we conclude that lima B,(,)(tz) 
= e,(tS). From this it is verified that T$(L?, 2) = lim% T&z, 2) and the lemma 
is proved. 
THEOREM 3. If a Banach space E is uniformly F2-smooth, then any ultrapower 
E(S, %) of E is boundedly F2-smooth. 
Proof. From the hypothesis on E, corresponding to a positive E, there is a 
S > 0 such that if 3 < II x (1 < 8, 
II x + h II = II x II + G,(h) + Tz(k 4 + &A4 m 
where / O,(h)1 < E 11 h 112, if I/ h I/ < 6, S independent of x. Let $9 E E(S, a’) 
and let f, g be two E-valued functions on S, such that f E 2, g E 9. For s E S let 
us define F(f, g, s) = 0 if llf (s)ll < 4 , or llf (s>ll 2 iI , or II &)/I > 2 II 3 II, and 
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F(f, g, 4 = Tdm g(s)) o th erwise. From Lemma 2 it is verified that 
F(f, g, .) is a bounded real-valued function on S, and we claim that limgF(f, g, s) 
is independent of the representatives f,g from 5, and jj. To this end let g, E 9. 
If E > 0, there is a set JG E %‘, such that for s c JE , Q < ilf(s)lj < 4 , and 
II &)I/ < 2 II r” II, II &)/I < 2 II 9 IL and II &I - g&)ll < 4. For s E J, it follows 
that 
where M = Sup{jl T, II j 3 < /I x II < 81. S ince E is arbitrary, limaF(f, g, s) is 
independent of g E 7. Adopting a similar argument, and noting that the map 
x-+T,on&<I[xII< Q into P(E) is uniformly continuous, we verify that 
lim* F(f, g, s) is independent off c 3i;. LetL&, 3) = lima F(f, g, s). It is verified 
that I W, J)l < M II 9 l12. N ow defining T&j, 5) = $[L,(y + 5, j7 + 5) - 
L,(y, 7) - L$(Z, Z)] for jj, f E E(S, @), we verify that Tz is a symmetric bilinear 
form on E(S, @), L.&C, 9) = T&7, Y), and Ij Tji; 11 < 2M. From (D) it follows 
that 
II f + F II = 1% II ~(4 + r(s)ll = II 32; II + G(9) +-&WY) + 1% ROY). 
Let 40) = lime hd~(s)). F rom our choice of 6 (see Eq. (D)), I e,(jj)I < 
E II 7 11s if II 9 // < a/2. Thus the norm in E(S, @) is F2-differentiable at5, with 
the second derivative T5 , and since II T, 11 < 2M, M independent of f, and 
Ilx”ll = 1, W@‘) is boundedly F2-smooth as desired. 
THEOREM 4. Let E(S, a) be boundedly F2-smooth, and suppose there is a 
positive function 6 on S such that lime S(s) = 0. Then E is uniformly F2-smooth. 
Proof. Since E is isometric with a subspace of E(S, %), E is boundedly 
F2-smooth. If E is not uniformlyF2-smooth then there exist E > 0 and functions f, 
g on S with values in E, II f(s)11 = 1, 0 < IIg(s)// < 6(s), such that 
I Mm > 2 II&II2 ’ c’ 
for each s E S. We now define constant functions ct for each t E S by setting 
et(s) = g(t) for all s E S. Let & c E(S, %) b e such that ct E: Ct . Then I/ c”, I/ < S(t) 
for all t E S. Now by Lemma 3, if {f(s)} EA an d as usual Tf is the second deriva- 
tive of the norm in E(S, %), then 
TAG , Gt) = l$ T&W, g(t)). (E) 
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Since 
IIf+ G I! = llfli + GA) + lip ~dg(t),g(t)) + l@ h&(t)), 
Eq. (E) implies that 
Hi(c”t) = 1p 4,s,(g(t))~ F) 
Let d(e) > 0 be such that 1 ef(Z)i < E I] Z lj2 for i/ .Z 11 < d(c), assured by the 
F2-differentiability of the norm at5 Let J E @ be such that for p E J, 6(p) < d (6). 
Hence ljg(p)ll < A(E) for p E J and for such p, 1 e~(c”~)l < E i/ 2X, !~a. Further, 
Eq. (F) guarantees a J1 E % such that for all s E Jr 
Thus ifs E J n J1 , then 1 e,,,,(g(s))[ < 3~ // g(s)j/a/2, contradicting the choice of E 
and completing the proof of the theorem. 
The above two theorems yield 
THEOREM 5. A Banach space F is uniformly F2-smooth if and only if every 
Banach space E, finitely represented in F, is boundedly F2-smooth. 
Proof is similar to that of Theorem 2. 
Remark 4. Just as in Remark I, we have that a Banach space F is uniformiy 
Fa-smooth if and only if E <F implies E is uniformly F2-smooth. 
As noted earlier, Theorems 3,4, and 5 and Remark 4 extend to F”-smoothness, 
k 3 3. However, it must be observed that these results need not hold in general 
if the uniformity hypothesis is dropped. We illustrate this with the following 
example. 
EXAMPLE. Consider the isomorph (B, Ij . . 11) of the classical Banach space c,, 
(mentioned earlier in Section 1) such that B is F”-smooth for all k 23 1. It is 
well known [2] that every Banach space, in particular the classical Banach space 
C[O, 11, is finitely represented in c,, . Thus there exists an isomorph of C[O, 11, 
say E, such that E < B. However, C[O, l] is not isomorphic with an F1-smooth 
space [12]. This shows that Remark 4 fails in the absence of uniformity (even 
when higher derivatives are avrailable). 
We now present a few corollaries. 
COROLLARY 1. If F1 , F, are two uniformly F2-smooth spaces and E < F1 and 
E* < F, , then E is isomorphic with a Hilbert space. In particular, if E < ID, and 
E* < bp , 2 < p, , p, < co, then E is isomorphic with a Hilbert space. 
Proof. It is known that if E and E* are F2-smooth, then E is isomorphic 
with a Hilbert space [14]. N ow the corollary follows from Theorem 5. 
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We note that this corollary is a strong converse to Dvoretsky’s theorem which 
asserts that 1, < E, if E is any infinite-dimensional Banach space. 
Next we state a property of the norm in spaces which are finitely representable 
in E, (or L,(p)) spaces, p being an even integer. It is shown in [14] that these 
spaces are Fk-smooth for all k > 1 and that the norm is determined by a homo- 
geneous polynomial $ of degree p, in the sense that // x IjP = #J(X). Now if 
F = I, (or L&L)), p even, then the norm in any ultrapower F(S, %) is deter- 
mined by a homogeneous polynomial of degree p, as one can verify from the 
definition of norm in E(S, %). Thus we arrive at the following. 
Remark 5. If E <F, where F = 1, (or L&L)), p an even integer 32, then 
the norm in E is determined by a homogeneous polynomial of degree p. 
From [14, 151 we have that (1) the I, (or L&L)) spaces are uniformly F”- 
smooth for all k 3 1, if p is an even integer; (2) if p is an odd integer, then they 
are uniformly Fp-l-smooth but not Fp-smooth; (3) if p is not an integer, 1 < 
p < CO, then they are uniformly F*(P)-smooth but not F’(“)+l-smooth, where 
I(p) denotes the largest integer not greater than p; (4) if p = co, these spaces 
are not F1-smooth. Now, an interesting result of Krivine (see comments fol- 
lowing Theorem 0.1 in [7]) states that if E is infinite dimensional, then one of 
the spaces I, , 1 < p < co, or co is finitely representable in E. In the following 
corollary we show that the choice of Z,‘s that can be finitely represented in E 
can be narrowed down if the smoothness class of E is known. 
COROLLARY 2. If E is an infinite-dimensional space which is unrformly F”- 
smooth and not unsformly Fk+l -smooth, then none of the spaces 1, , 1 < p < k, p 
not an even integer, is finitely representable in E. If E is uniformly Fk-smooth for 
all k > 1, then no 1, ( p not an even integer) can be finitely represented inE. Finally, 
co is not $nitely representable in any such E. 
The proof is essentially contained in the remarks leading to the corollary. 
Note that since any such E is superreflexive (see Section 3, below), it follows 
that c,, cannot be finitely represented in E. 
If (X, C, p) is a measure space and 1 < p < co, let L,(E, p) be the Banach 
space of equivalence classes of E-valued Bochner measurable functions f, 
modulo p-null sets, which are p-summable, equipped with the norm 11 f/l = 
(.fx llf (91p 44WD. See [4, 51. 
COROLLARY 3. A necessary condition for L,(E, CL) to be finitely represented in 
a Banach space F, where F is the classical I, (or L,(h), associated with some measure h) 
is that L&L) and E must be of the same uniform smoothness class as 1, (or Lr(X)). 
Thus, for instance, L,(l, , p) is not Jinitely representable either in Z,(L,) or in 1, . 
The proof follows from Remark 4, the smoothness properties of the I,-spaces 
(already noted above), and the differentiability properties of the norm in the 
L,(J% CL) spaces, [81. 
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3 
We now develop a method to classify superreflexive Banach spaces in terms 
of finite representability and smoothness. It is known that a Banach space is 
superreflexive if and only if it is isomorphic with a uniformly P-smooth space, 
[2]. Motivated by this and our theorems in Section 2, we make the following 
DEFINITION. A Banach space E is called k-superreflexive, k an integer 31, 
if E is isomorphic with a uniformly P-smooth Banach space. E is called co- 
superreflexive if it is isomorphic with a Banach space which is uniformly Fk- 
smooth for all k > 1. 
From the characterization of superreflexive spaces mentioned above, it is 
clear that superreflexivity coincides with our 1 -superreflexivity. 
PROPOSITION. A Banach space E is k-superrejlexive if and on& if F < E 
implies F is k-superrejlexive. 
Proof. Let E be k-superreflexive and let F Q E. Thus there exists a uni- 
formly Fk-smooth Banach space El isomorphic with E. Since F is isometric with 
a subspace of an ultrapower E(S, %), and since E(S, a) is isomorphic with 
E,(S, a) canonically, F is isomorphic with a subspace of E,(S, a). By Theorem 3 
(applied to k), E,(S, C?/) is uniformly Fk-smooth and hence F is k-superreflexive. 
From the smoothness properties (already referred to) of the 2, (or L,(p)) 
spaces, where the measure p is not supported by finitely many atoms, it follows 
that there exist Banach spaces which are k-superreflexive but not k’-super- 
reflexive if k # k’. Finally it is of interest o note that if E is k-superreflexive, 
k > 2, then E* is 1-superreflexive and not m-superreflexive for nr > 2, unless E 
is isomorphic to a Hilbert space, in which case E and E* are co-superreflexive. 
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